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BILATERAL WEIGHTED SHIFT OPERATORS SIMILAR 
TO NORMAL OPERATORS 

GYORGY PAL GEHER 


Abstract. We prove that an injective, not necessarily bounded 
weighted bilateral shift operator on £^(Z) is similar to a normal op¬ 
erator if and only if it is similar to a scalar multiple of the simple (i.e. 
unweighted) bilateral shift operator S. 


1. Introduction 

Let be a complex Hilbert space. The question whether a given linear 
operator is similar to an operator belonging to a special class is classical. 
Investigation of similarity to normal operators goes back to the 1940s. One 
of the first important results is the famous Sz.-Nagy similarity theorem from 
1947. Namely, in m B. Sz.-Nagy proved that a bounded linear operator T is 
similar to a unitary operator if and only if T has bounded inverse and we have 
sup{||T’^||: n € Z} < oo. The ’’only if’ part is obvious. On the contrary, 
the ”if’ part was extremely surprising. Since then many results have been 
provided in this direction. We only mention a few of them: in mmu 
linear resolvent tests were provided; and in a recent paper of the author [3], 
a test concerning the powers of the operator was given. The investigation 
of operators which are similar to contractions is another classical direction 
in the theory of similarity problems. Concerning this topic we refer to the 
following articles: [3El [gill]. 

The classes of the so-called weighted bilateral, unilateral or backward 
shift operators are very useful for an operator theorist ([iniiis]). Besides 
normal operators these are the next natural classes on which conjectures 
can be tested. Furthermore, weighted shift operators naturally appear in 
many other areas of Analysis. Thus several properties of weighted shift 
operators were charaterized in terms of their weight sequences; for instance 
normality, hyponormality, super and hyper cyclicity e.t.c. (see [TOl ESI El 
[TH] ). In the present short note we are interested in the problem of how we can 
characterize similarity to normal operators of injective, bilateral weighted 
shift operators on ^^(Z). We point out that an injective unilateral shift 
operator cannot be similar to a normal operator since its range is not dense, 
but it has trivial kernel. 

Usually a weighted bilateral shift operator is defined as follows. Let w = 
{wk}k&z C C be an arbitrary sequence and {ek}kez be the usual orthonormal 
haseini'^iZ). LetV = {x = Y^kGZ^k-ek-- Efcez ICfciTfcp < 

1 


2 


GYORGY PAL GEHER 


cxd} which is a linear manifold in £^(Z). We define S ^: £^(Z) —^ i '^{ Z ) by 
the following eqnation: 

I ^ ■ efc I = ^ ^k-iWk-i ■ e-k I y~] Cfc • e/c £ P 

Vfcez / fcez Vfcez 

The domain of an operator T: "H ^ 71 will be denoted by domT. Using 
this terminology, we can write "D = domS"^. It is qnite straightforward to 
see that is bounded exactly when the weight sequence w = {'Wk}kez is 
bounded. In the special case when all weights are equal to 1, we speak about 
the simple bilateral shift, S. It is well-known that 5 is a unitary operator. 

Our result is stated and proven in the next section. 

2. The characterization 

Characterization of normality for bilateral weighted shift operators can 
be obtained by a simple calculation (see also US]). Namely, is normal 
if and only if we have \wk\ = \wk+i\ for every k £ Z, which is satisfied 
exactly when is unitarily equivalent to |t(;o| • 5". Here we consider the 
much harder question: which weighted bilateral shift operators are similar to 
normal operators? Since this is a very natural question, it is quite surprising 
that we have not found any paper which considers this problem. 

Before giving our proof of this result, we shall specify what we mean 
exactly by the similarity of two (unbounded) operators. We will follow the 
definition given in m p. 213]. Namely, two operators are 

said to be similar, if there exists an invertible operator X ■. T-L ^ T-L such 
that JT(dom74) = domH and XAh = BXh {h € dom^d) are fulfilled. 
Similarity is an equivalence relation (see [Ej). Let us assume that A and 
B are similar. Are A” and B^ necessarily similar as well (n £ N)? This 
is a natural question, which is obvious in case of bounded operators. The 
following lemma gives the positive answer in general. 

Lemma 1. Suppose that A and B are similar, and n £ N. Then A” and 
B^ are also similar. 

Proof. We have to show that XA^h = B'^Xh {h £ domA"") and 
A(domA”) = domH"' hold. We will use an induction on n, thus we as¬ 
sume that for smaller powers the statement has already been proven. First, 
it is well-known that domA'^ C domA”“^ C %. Therefore we can write the 
following: 

A(domA^) = X {{h£n-. Ah£ domA’^-i = ^-^(domH^-^)}) 

= X{{h£ domA"-^: XAh = BXh £ domH^-^}) 

= [Xh £ Adorn A"-i = domH^^-^: B{Xh) £ domH^-^} = domH^. 

Second, let h £ domA"'. Then we have XA^~^Ah = B^~^XAh = B^Xh, 
since Ah £ domA”“^. This completes the proof. □ □ 

Now, we are in the position to state and prove our result. 
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Theorem 1. Let an injective, not necessarily bounded bilateral 

weighted shift operator on £^(Z). Then the following conditions are equiva¬ 
lent: 


(a) Sw is similar to a normal operator, 

(b) there exists a constant c > 0 such that c ■ Sw is similar to S, 

(c) we can find a constant c > 0 such that we have 


and 


sup I'U^fc+il • feeZ, nGN| <oo 

i=i 

n 

inf |c” \ wk+j \ '■ k 'Z,n n| > 0. 

i=i 


Proof. First of all, the (c)^=>(b) part follows immediately from [151 Theorem 
2], Second, the (b)=^(a) part is obvious, since S' is a normal operator. Thus 
we only have to deal with the (a)^=^(c) part. We consider an arbitrary 
operator T: LL ^ TL, and we define the following set: 

Stab(T) = J X € n domT’": lim ||T”x|| = 0 
I ' ' n—>oo 

I neN 


which is clearly a linear manifold. Obviously the zero vector is always an 
element of Stab(T). We note that in case when we have sup^gjsj ||r’^|| < 
oo, the set Stab(T) is a subspace (i.e. closed linear manifold) which is 
hyper invariant for T (see e.g. m)- 

Concerning Sy^, we claim that either Stab(S^) = {0} or it is a dense linear 
manifold in £^(Z). Suppose that we have a non-zero vector x = Xlfcgz ^k'^k £ 
Stab(S 2 ^), then there is an index fco € Z such that fko 7^ 0. The condition 
X G n^;^dom S” is equivalent to the following: 


'^\f,kWk---Wk+n-if < oo (VnGN). 
fcez 

Therefore we get € n))Z^domS”. Since we have 


( 1 ) 


ll‘5>fcoll< 


qn 

\ t 
\S/ci 


1 


1 


\^ko I 


“^0 (n ^ oo). 


we conclude Ck^ € Stab(S^). Now, let j € N be arbitrary. On the one 
hand, it is quite straightforward that Sl^ek^ G Stab(5'^), hence we obtain 
CkQ+j G Stab(S' 2 ^). On the other hand, by ([I]) we have Ck^-j G n))Z;^domS'”. 
Obviously, 

lim ||5”efco_j|| = lim \wko-j ■ ..WkQ-i \ • ek^W = 0, 


which yields G Stab(5;i^). Therefore we conclude that every element 

of the standard orthonormal base lies in Stab(S 2 ^). Thus Stab(S' 2 ^) has to 
be dense, which verifies our statement. 
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Now, we show that any normal operator N satisfies 

Stab(N') = ran£'(B), 


( 2 ) 


where B denotes the open unit disk of C, and E is the spectral measure for 
N. Let us consider an arbitrary vector x = xi®X 2 G n^;^dom with xi G 
rani?(B) and X 2 Grani?(C\B). Then we have = {N'^xi)®{N'^X 2 )- A 
straightforward application of the function model for normal operators (see 
e.g. [2]) gives us hm„_).oo ||A'"'xi|| = 0 and 


lim 

n^oo 


r||x 2 || if X2 G rani?(T), 
( oo otherwise, 


where T is the unit circle of C. Therefore we obtain that x G Stab(A") 
implies x G ran£'(B). On the other hand, if we have x G ranLl(B), then we 
easily obtain x G Stab(iV), which implies (j2]l. 

Next, let us suppose that we have NXh = XS^h {h G dom S^) with some 
invertible operator X: H ^ H which also satisfies A(domS^) = dom A^. By 
Lemma 1, we obtain (c • N)'^Xh = X{c ■ S^'^h {h G domS'”,c > 0) and 
A (dom S'”) = dom A” for every n G N. Therefore we have 


Stab(c • N) = A(Stab(c • S^)) = A (Stab (S^.^)). 


By the observations made above, we conclude the following: 

Stab(c-A) =ranA(i-B) G {£2(Z),{0}} (VoO). (3) 

We conclude that we have only two possibilities: either A = 0 or A is 
concentrated on a circle centred at zero. The first one contradicts to the 
injectivity of S^. Therefore we have the second case, which means that c-S^ 
is similar to a unitary operator with some number c > 0. 

Finally, we use the Sz.-Nagy similarity theorem and the following well- 
known equations (see m Proposition 2]) in order to complete the proof: 


(c • S^)”|| = sup ^ c” • \wk+j \ : /c G Z,n G N !> (n G N) 
i=i 


and 


(c • Sw) "'ll = sup ■ 


c" • OLi kfc-hil 


:A;GZ,nGN> (nG 


□ 


We note that the equivalence of (b) and (c) could be proven by a simple 
application of the Sz.-Nagy theorem as well. In fact, the operator A (which 
depends on a Banach limit), defined by Sz.-Nagy, is diagonal with respect 
to the standard orthonormal base in this case, and the unitary operator, to 
which c- Sw is similar, is a weighted bilateral shift operator with weights of 
unit modulus (see m 0 dg E]). 

We close our paper with the following consequence. 
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Corollary 1. Let be an injective weighted bilateral shift operator on 
^^(Z) which is similar to a normal operator. Then is a bounded, cyclic 
operator, which is not supercyclic. Furthermore, its spectrum is a circle 
centred at zero. 

Proof. Since S is cyclic, bounded, and its spectrum is T, we obtain that S^, 
which is similar to ^ • 5 with some c > 0, is also cyclic, bounded, and its 
spectrum is ^ • TT. Furthermore, ^ • S' is not supercyclic by [m Theorem 3.1], 
which implies that neither is □ 

Acknowledgement 

The author was supported by the ’’Lendiilet” Program (LP2012-46/2012) 
of the Hungarian Academy of Sciences. 

References 

[1] N.E. Benamara and N. Nikolski, Resolvent tests for similarity to a normal operator, 
Proc. London Math. Soc. (3) 78 (1999), 585-626. 

[2] J.B. Conway, A Course in Functional Analysis, New York, Springer Verlag, 1985. 

131 S.R. Foguel, A counterexample to a problem of Sz.-Nagy Proc. Amer. Math. Soc. 

15 (1964) 788-790. 

[4] Gy.P. Geher, Asymptotic limits of operators similar to normal operators, 

Proc. Amer. Math. Soc. electronically published on April 2, 2015, DOI: 

http://dx.doi.org/10.1090/proc/12632 (to appear in print). 

[5] P.R. Halmos, Ten problems in Hilbert space. Bull. Amer. Math. Soc. 76 (1970), 
887-933. 

[6] C. S. Kubrusly, An Introduction to Models and Decompositions in Operator The¬ 
ory, Birkhauser, Boston, 1997. 

[7] S. Kupin, Linear resolvent growth test for similarity of a weak contraction to a 
normal operator, Ark. Mat. 39 (2001), 95-119. 

[8] S. Kupin, Operators similar to contractions and their similarity to a normal opera¬ 
tor, Indiana Univ. Math. ,J. 52 (2003), 753-768. 

[9] A. Lebow, A power-bounded operator that is not polynomially bounded, Michigan 
Math. J. 15 (1968), 397-399. 

[10] N.K. Nikolski, Treatise on the Shift Operator, Springer-Verlag, Berlin, Heidelberg, 
New York, 1986. 

[11] G. Pisier, A polynomially bounded operator on Hilbert space which is not similar 
to a contraction, J. Amer. Math. Soc. 10 (1997), 351-369. 

[12] S. Ota and K. Schmiidgen, On some classes of unbounded operators, In- 
tegr. Equat. Oper. Th. 12 (1989), 211-226. 

[13] H.N. Salas, Hypercyclic weighted shifts, Trans. Amer. Math. Soc., 347 (1995), 993- 
1004. 

[14] H.N. Salas, Supercyclicity and weighted shifts, Studia Math., 135 (1999), 55-74. 

[15] A.L. Shields, Weighted shift operators and analytic function theory, Topics in Oper¬ 
ator Theory, Math. Surveys 13, Amer. Math. Soc., Providence, R. I., 1974, 49-128. 

[16] B. Sz.-Nagy, G. Foias, H. Bercovici and L. Kerchy, Harmonic Analysis of Operators 
on Hilbert Space, Second edition, Springer, 2010. 

[17] B. Sz.-Nagy, On uniformly bounded linear transformations in Hilbert space, Acta 
Univ. Szeged. Sect. Sci. Math. 11 (1947), 152-157. 


6 


GYORGY PAL GEHER 


Bolyai Institute, University of Szeged, H-6720 Szeged, Aradi vertanuk tere 
1, Hungary 

MTA-DE ’’Lendulet” Functional Analysis Research Group, Institute of 
Mathematics, University of Debrecen, H-4010 Debrecen, P.O. Box 12, Hun¬ 
gary 

E-mail address: gehergy@math.u-szeged.hu; gehergyuri@gmail.com 
URL: http: //www.math.u-szeged.hu/~gehergy/ 


